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In the resent understanding, the meson elds are believed to be bound states of quarks






















The QCD approach, however, requires non-perturbative calculations
to analyze the bound states, and at the moment, only numerical approaches based on lattice
gauge theory are available to study those states.
The bi-local eld proposed originally by Yukawa
2)
has been studied by many authors in
the context of relativistic two-body models of quark and anti-quark bound states.
3)
The
standpoint of those approaches is rather simple: In general, (C) is a complicated functional

















) + V (x  y)

B(x; y) = 0; (1)
where V (x) is an eective potential representing the interaction between q and q. In such
a model, we can calculate various phenomenological features of hadrons. In particular, the
covariant oscillator quark model (COQM) that uses V (x) / x
2
is known to yield fairly good
results.
4)
From another point of view, however, the ground states of mesons, the pions, are
usually understood as Numbu-Goldstone (N.G.) bosons associated with the chiral symmetry
breaking of quark dynamics. It is not obvious that the two interpretations, bound states
and N.G. bosons, for pions are compatible.
Recently, a possible way of regarding the Higgs eld as a gauge eld was proposed by
Connes and Lott
5)
from the viewpoint of non-commutative geometry (NCG) and developed
by many authors.
6)
In their theory, spacetime is regarded as a product of the usual 4-
dimensional spacetime and a discrete two-point space. In those theories, the Higgs elds,
which cause the gauge symmetry breaking, play the role of a bridge connecting two kinds of






(x), at the same spacetime point x (Fig. 1).
Then, as an extension of this type of symmetry breaking, it may be possible to introduce
Higgs-like elds (x; y) which connect two kinds of matter elds dened at dierent space-






(y). From our point of view, the two sheets picture




are treated as elds in one
spacetime. In such a case, we may formulate the bi-local eld in Eq. (1), the bound states
of q and q elds, as Higgs-like elds, which are related with the chiral symmetry breaking at
dierent spacetime points x and y (Fig. 2). The purpose of this paper is, thus, to study the















Fig. 2. Higgs-like elds in bi-
local NCG.
for some bi-local elds from the point of view of an extended NCG method.
)
The basic formulation is presented in the next section within the framework of a U(1=1)
toy model. An attempt to extend this toy model to a more realistic QCD-type model is
studied in x3. Section 4 is devoted to summary and discussion.
x2. Formulation of bi-local Higgs-like elds
The original Connes-Lott formulation for the gauge theory based on NCG is not always
convenient for our purposes. In what follows, we use the matrix formulation for such a theory
developed by Coquereaux et al.
8)
To construct the local U(1=1) gauge and Higgs eld theories according to the matrix
formulation, rst, we introduce the o-diagonal matrix  =
1
2M












. Here,M is a parameter





space. Second, with analogy to the equation @
x
f(x) = i[p^; f(x)] for ordinary
variables, we dene the derivative of a 2 2 matrix A with respect to  by
@










are the block-diagonal and o-block-diagonal parts of A, respectively, and
 is the momentum operator conjugate to  dened by f; g =  1 in the sense of quantum








A = 0; (3)
)
An early attempt following this line is given in Ref. 7).
3


























. In terms of the matrix i, one can also dene the operation of @

on
matter elds by @

	 = i	 .
Now, we can dene the covariant derivative operators under the local gauge and discrete




























Then, in the extended spacetime (x

; ), one can dene the covariant derivatives acting on



































































and  = +
M
g
. The last of them one is a covariant derivative





















, where the term (i)
2
is one origin of symmetry breaking.
































gives rise to the potential term
for the scalar elds. In addition, the Yukawa coupling between the matter elds and the







Now let us attempt to extend the above gauge-Higgs system to one consisting of local




















are independent coordinate variables. Accordingly,
the indices L and R designate spacetime points in addition to gauge or chiral components
in the extended formalism. As for the discrete variables  and , we try the same form

















g for any ; . However, the Leibniz
rule (4) holds only for  = .
4





, one can dene the following as



















































































































































, and so on. Here, the primes indicate covariant-derivative operators, in which the gauge






































In this sense, (10) - (13) dene covariant-derivative operators provided (15) and (16) hold. It
should be noted, however, that 
LR
obeys the bi-linear transformation (16). Then, 
LR
does
not obey simple bi-liniear transformations under gauge transformations, due to the factor
M , and vice versa. For the time-being in this section, we assume the transformation (16).

































































































the other hand, D
L=R 
























































































































































































































































































































are bi-local eld strengths.






























































is a natural form of the action dened from these eld strengths. This form preserves the





































































































































































































































, and so on.
In the above action, the potential for 
LR





























































is assumed to be a gauge-invariant eld. The case (i) is
the original conguration of 
LR













cannot obey the same bilinear transformations as

LR
, the form of (13) breaks local gauge invariance from the outset, except in the case that
M(x) / Æ
4
(x). The case (ii) appears to preserve local-gauge invariance. However, the form
is not compatible with the original conguration of 
LR
in (13). We will discuss a modied
version of the case (ii) in the next section within the framework of a more realistic model.
Let us now consider a QCD-type gauge theory in the case (i). Then, we need not







). In this case, the
















































































































































































; (K = L;R): (38)






























become massive elds, respectively, for L=R symmetric




















































, respectively, (Fig. 3);




























(Fig. 4). If it is necessary, one may dene C
LR
as




to retain its meaning as a bi-local eld.
8











dened in (38) vanish, and thus the action becomes very simple. If we adopt











































































































































































































































































in the second line of the above




, which should be compared with the bi-local eld












x3. Extension to a QCD-type Model
The extension of the model in the previous section to a QCD-type model is not diÆcult,




, where i (= 1; 2; 3) and  (= 1; 2) are the indices of color and avor,
respectively; for simplicity, we conne our attention to the case of one generation. The
Higgs-like scalar elds 
LR
are, then, 2  2 matrices in avor space and 8  8 matrices in
9
color space. We assume that the gauge degrees of freedom of those elds are factorized in


















, let us dene the -derivative of 	 by
@


















M , and M is a function
of x
2
. The meaning of  is determined by the denition of @

	 itself. With the aid of this
form of i, it is not diÆcult to verify the nilpotency of the -derivative operator (2) acting
on matrices. The choice of i should be understood as a modied version of case (ii) in Eq.
(34).





















































(a = 1  8) and T
L=R










, and matrices dened in Eq. (6), respectively. There is no dierence
between the left and the right gauge elds, and hence, L and R simply designate their





































































































































































































and the equations obtained by interchanging R and L also hold. The action for gauge and
Higgs-like bi-local elds is given, again, by Eq. (28); there, we do not need the second term
on the right-hand side, since the F
L=R

represent values at dierent spacetime points of one
eld. It is also apparent that the form of the action for the matter elds coincides with that












































































































where tr and Tr stand for the traces taken over color indices and over color-avor indices,
respectively.











































































































































































































, since the kinetic terms of gauge


































































































































































































































































In the action (59), neither the local color gauge symmetry nor the chiral avor-SU(2)
symmetry remains, because of its non-local property and the presence of M . In particular,
the mass terms for 
a
LR












). The form of the
resultant action has a similarity to that of the linear sigma model
)
in an extended sense;




, then the 
a
LR
will tend to massless Goldstone, 
meson, elds. One can see that a non-trivial potential term M
2






simultaneously with the appearance of potential terms for 	 and W
L=R

. We also note that
if we regard U
LR






terms in (59) vanish; and the
action will restore the color gauge invariance in appearance.
)
Recently, the reality of  particle was discussed by S. Ishida.
9)
12
x4. Summary and discussion
In this paper, we have discussed the possibility of extending gauge theories based on NCG
to a gauge theory including bi-local Higgs-like elds. The bi-local eld theories following
this line are also interesting from the point of view that they are low energy examples of
matrix eld theories.
10)
In x2, rst, we reviewed Coquereaux's formulation of the NCG within the framework
of the U(1=1) gauge-Higgs model, in which the mass matrix of the matter elds, the Dirac
elds, plays the role of the matrix coordinate connecting the left/right- components of matter
elds at the same spacetime point. The mass parameter in the matrix coordinate determines
the order of symmetry breaking. In addition, the Higgs-like elds can be understood as the
quantum uctuations around this matrix coordinate. Then, we attempted to extend such a
gauge-Higgs theory to a bi-local theory by introducing a matrix coordinate that connects the
left/right-components of matter-elds at dierent spacetime points. With this extension, the
Higgs-like elds in this model become bi-local elds, while the gauge elds and the matter
elds remain as local elds living in the left or in the right world. Furthermore, the mass
parameter in the matrix coordinate is allowed to be a function of relative coordinates. Then
it acquires the meaning of a c-number potential function for the bi-local Higgs-like elds.
The extension of the toy model to a QCD-type model is rather formal, and this was done
in x3 within the framework of one generation. The matter elds in this case are assumed to be
(u; d)-quark elds, and the gauge structure in this model is the color gauge symmetry, which
does not distinguish between the left and the right gauge elds. In this extended model, the














are necessary to guarantee the gauge invariance of the theory before











can be leading terms determining bi-local elds under a specic choice of
parameters.
The extended bi-local elds in this QCD-type model should be regarded as mesons,
although its action contains non-local 3-body and 4-body self-interactions. The resultant
action has a structure similar to that of the linear sigma model in local-chiral eld theories;





It should be noted that if we replaceM with a matrix in avor space, such asM = a1+b
3
, in
the sense of explicit symmetry breaking, then the 

-components of the bi-local eld remain





, the model has a structure similar to COQM. Unfortunately, however,
there is no way to determine the functional form of M
2
from this formalism. Under such an
13
assumption, further, the elimination of the relative time x
0
becomes a serious problem, as
in COQM. Also, in our approach of introducing bi-local elds 
LR
, the role of the intrinsic
spins in quark-bound states is not clear.
Although these problems are left as the subject of future examinations, the bi-local ex-
tension of gauge theories based on non-commutative geometry gives us an interesting insight
to study the bound-state structure of matter elds.
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